Abstract. In this paper we outhne a model which incorporates developmental processes into an evolutionary framework. The model consists of three sectors describing development, genetics, and the selective environment. The formulation of models governing each sector uses dynamical grammars to describe processes in which state variables evolve in a quantitative fashion, and the number and type of participating biological entities can change. This program has previously been elaborated for development. Its extension to the other sectors of the model is discussed here and forms the basis for further approximations. A specific implementation of these ideas is described for an idealized model of the evolution of a multicellular organism. While this model does not describe an actual biological system, it illustrates the interplay of development and evolution. Preliminary results of numerical simulations of this idealized model are presented.
Introduction
The scientific questions motivating the present work concern the many instances in which development and evolution interact. For example, it has been hypothesized [1] that the period of experimentation with alternative body plans (the "Cambrian explosion") just after the evolution of multicellular organisms ended because of an interaction between developmental and selective constraints. Since basic animal body plans have remained fixed since that time, a theoretical understanding of this problem is of great interest. A model of the evolutionary dynamics of body plans requires development as an essential component. More generally, the expected diversity of morphologies in a given environment is an open scientific question which leads to the study of the interaction between development and evolution.
Another fundamental question about evolution concerns the biological units on which selection acts. In the Modern Synthesis, multicellular organisms are taken to be the units of selection, but in the early history of life cells and even smaller units played this role. It is possible that the ancient transition from cellular to multicellular units of selection must be modeled in some detail in order to understand aspects of multicellular organization such as the sequestration of the germ line and common patterns of gastrulation in animals. Since the cellular and multicellular levels are related through development, a model of the transition between units of selection will necessarily require a model which integrates developmental and evolutionary processes.
It is the purpose of this paper to formulate a model describing the interaction between development and evolution, and to present the results of preliminary computer simulations. These simulations illustrate schematically the transition from reproducing cells to reproducing multicellular organisms. The model proposed here is an extension of our previous work on development [10, 12] .
Developmental and evolutionary processes occur at different levels of organization such as genomes, cells, cell clusters, organisms, populations of organisms and ecosystems. Important interactions occur within and between these levels of organization. This presents a multi-scale modeling problem of daunting complexity, but we believe that a tractable approach can be based on the fact that the problem decomposes naturally into modules, or sectors, which can be developed and modified more or less independently. In particular, the relevant processes can be organized conceptually into model sectors describing development, the selective environment, and genetic adaptation through heritable variation.
Existing models of evolution treat the map from genotype to phenotype in a rudimentary way. A more complete modeling framework for development was introduced in [10] . This model was based on a set of ordinary differential equations (ODEs) to represent a genetic regulatory circuit, together with a set of rules (a "grammar") which allow a description of changes in the number and type of biological entities that are present at a given time. We will adopt this model to describe the developmental sector of the enlarged model of evolution discussed here, and we will also borrow its techniques in formulating models for the other sectors.
A key issue in fbrmulating the sector of the model pertaining to the selective environment is to define a scoring function which reasonably approximates a "fitness function". We are aware that the precise character of such a fitness function, in fact even its existence, remains an open scientific question in spite of much effort. We view a fitness function as an approximation to a more complete model of a selective environment, which would use a stochastic grammar to describe important interactions with the environment such as establishing a territory, finding a mate and getting killed. The formulation of such a model would use dynamicM grammars in a way similar to their use in the developmental sector, but is not attempted here. The work in the present paper is based on
